A practical and efficient optimal design procedure is presented for three-dimensional micro-propeller. To manage many design related variables and operating conditions efficiently, the design procedure consists of two steps for optimization of operating conditions and blade geometries. First, operating condition points are extracted from the design-of-experiments, and provided as the input data of the geometry optimization step. Next, in the geometry optimization step, the 2-D airfoil shapes are optimized to provide the maximum lift-to-drag ratio along the radial blade section by using the XFOIL code, and the 3-D blade shapes are determined at the each operating condition by using the minimum energy loss method. Then, the performances of the optimized blade are calculated, and a Response Surface Model is constructed to decide the operating condition for the maximum propeller efficiency. To find the blade shape with better performance than the optimum shape in the initial design space, the design space is modified to a highly feasible design space by using the probability approach. Finally, the performance of the optimized propeller is compared with that of the Black Widow MAV propeller. The comparison showed that the optimized propeller had somewhat better performance. The present optimal design procedure is reliable and can be used as a practical design tool for micro propeller development.
Introduction
Recently, Micro-Air Vehicles (MAVs) have been designed not only for special, limited-duration military applications, but also for commercial applications.
(1) Although
MAVs may be used in the very near future, more investigations are still necessary on the low Reynolds number (Re) aerodynamics, efficient electronic motors and optimized propellers. The comparison of the total mass ratio of a propulsion system to a vehicle showed that the mass ratio of a fixed-wing MAV was larger than that of a conventional aircraft. Thus, the efficiency of MAVs propulsion system is an important issue. One of the most effective ways to improve the efficiency of a propulsion system is to design an optimum propeller because the propeller performance is a crucial factor for the success of fixed-wing MAVs (2) .
There are two kinds of design methods that are applied to the design of micro propellers. The first one is the direct numerical optimization method, which can consume a great amount of time to converge results by iteration of the design process. In addition, nonlinear problems with many design variables by Computational Fluid Dynamics (CFD) analysis of entire 3-D flow fields is practically getting more difficult because of tremendous time for analysis and intensive computing power needed to iterate the design process (3) .
Compared with the direct numerical optimization method, the inverse design method has an advantage of convergence in less time by iteration of the design process.
To solve such problems in this study, Glauert's strip theory (4) , which is a combination of the momentum theory and the blade element theory is adopted. The applied inverse method has been developed which is based on the propeller design theory of Prandtl and Betz (5) for the minimum energy loss conditions. Larrabee (6) resurrected the propeller design equations and presented a straightforward procedure for optimum propeller design. Adkins and Liebeck (7) improved the design of optimal propellers without the assumptions of any small angle and light-load. However, these inverse design methods also have limitations in blade geometry design, and do not explain in detail the optimum propeller design procedure with respect to the operating condition parameters and various constraints. Therefore, for the development of a more enhanced propulsion system, it is necessary to study a reasonable and efficient propeller design optimization process by combination of the inverse design and the direct numerical optimization method including these operating condition parameters and various constraints. Lee et al. (8) as the previous study presented the design optimization procedure for the micro propeller.
The aim of the study is to maximize the efficiency of the micro-sized propellers for MAVs and to develop a reliable design procedure that can quickly optimize both the geometry and operating condition. The performance of the optimized propeller in this design procedure is validated by comparing with that of Black Widow MAV (2) .
Efficient Design Strategy for Micro Propeller: Two Step Optimization

Design Objective
The nominal mission profile for the fixed-wing MAVs is to climb to about 60-200 m above the ground level, and to cruise around at the optimum loiter velocity to gather video data. Since the MAVs spend more than 90% of their flights at the loiter flight condition, the propeller optimization is greatly simplified (2) . The objective function is to maximize the endurance of the MAVs, which has a one-to-one correspondence with the minimization of the required total power, P total . P total for operating MAVs is derived by Eq. (1).
In this equation, S is the wing area, and ρ is the air density which involves the altitude of a mission profile. Since the weights of electrically powered vehicles, W, the vehicle's wing shape, the lift coefficient of the wing, C L,wing , the Drag coefficient of the wing, C D,wing , and ρ are all fixed to the same values, respectively, the propeller efficiency, η p , is directly affected by P total , as shown in Eq. (1), and should be maximized. That is, our objective function, the maximization of the endurance of the MAVs equals the maximization of η p .
Design Constraints
The first constraint considered in this study is the required thrust, T, that is set to the drag at the loiter velocity because MAVs propeller is designed at the loiter velocity. T was set as 9.9 g f , which was the same as the drag of Black Widow MAV for the geared propeller configuration at the loiter velocity, V ∞ , of 11.176 m/s. (2) An additional positive 3% T is allowed in the equality constraint of T.
The second constraint is the activity factor (AF), which is a measure of the effect of blade width and the distribution of the chord length, c, on the propeller. The value of a blade AF is a non-dimensional number, and represents the solidity or geometrical shape of the blade. AF of a practical propeller ranges from about 90-200 in Eq. (3) (9) . Here, R is the propeller blade radius, D is the blade diameter, and r is the blade radial coordinates. Because the blade roots are usually shielded by a spinner, the limit of the integral for AF changes from zero (the root) to 0.15R. (10) To obtain a higher propeller performance, a larger propeller has to be used because it can distribute its power into propeller, P, and T on a larger incoming fluid volume. However, for low noise and compressibility effect, the upper limit of the Mach number at the blade tip, M tip should be about 0.63. (9) Thus, M tip as the third constraint for the upper limit then follows from Eq. (4).
where,
Here, M is the Mach number, a is the speed of sound, and n is the propeller revolution per second (rps).
Two Step Optimization and Design Variables for Each Step
As the number of design variables increase in 3-D propeller design, the required design points increase by geometric progression, and tremendous time and computing power are needed to iterate the process. The design variables in each step are shown in Table 1 . The propeller design process with overall 143 design variables simultaneously is next to impossible at present. To manage efficiently many designs, the design procedure involves an operating condition optimizer and a blade geometry optimizer. The design variables x 1 -x 3 for the operating condition optimization are P, rotating speed (revolution per minute, rpm), and D. The design variables x 4 and x 5 for the blade shape design are the geometries of propeller including the blade pitch angle, β, and c at each radial blade section. The design variables x 6 for the airfoil shape design include 12 weighting coefficients on each airfoil surface. To reduce the complexity of the system, the propeller is assumed to be a fixed pitch propeller. The number of blades is set to 2 because it has a small effect on the efficiency of the propeller and reduces the propeller complexity, cost, and weight. (10) With respect to the range of design variables, the design space must be carefully chosen to satisfy the design requirement and purpose, especially in the initial design phase. In this study, based on the propeller performance data of the Black Widow MAV (2) , the initial design ranges of η p and J are set. The following Eq. (5) shows the details.
The overall design optimization process to improve the efficiency of propeller is shown in Fig. 1 . In the operating condition optimization step (Step 1), the design space is composed of the design variables x 1 -x 3 . Operating condition points extracted from the design-of-experiments (DOE) (11) are provided as the input data of the geometry optimization step (
Step 2). Next, in Step 2, the 2-D airfoil shapes are optimized to provide the maximum lift-to-drag ratio, L/D max , along the radial blade section by using the XFOIL code (12) and the Hicks-Henne shape functions (13) , and the blade shapes are determined by using the strip theory for the minimum energy loss condition (7) at each operating condition. Then, the performances of the optimized blade shape are calculated, and return to Step 1. For the efficiency of the design procedure, the Response Surface Methodology (RSM) (11) based on the calculated performances in Step 2 is adopted. x 1 -x 3 are optimized as the values at the operating condition with the maximum propeller efficiency under several constraints such as T, AF, and M tip .
Design Methodologies of Each Step
Step 1: Operating Condition Optimization
To find the maximum η p and the optimum design variables of the operating condition, the design process requires many data points and much analysis time. To reduce the calculation time for the analysis, one of the representative approximation methods, RSM, is used with operating condition data points. To build the RS model, 3 k full factorial DOE and 
second order full regression model are utilized, and then, the confidence level of the RS model is checked by the analysis of variance. (11) The RS model usually assumes a simple second order polynomial mathematical model. For the RS model with 3 design variables, the number of data points is 27. For a reliable design via the RS models, the error should be small. The typical values of R 2 adj , which is the measure of reliability associated with organized RS models, range from 0.9 to 1.0, and the closer this value is to 1, the more accurately RS model is constructed.
The operating condition optimization is performed by applying the objective and constraints with the constructed RS models. The Sequential Quadratic Programming (SQP) method (14) , which is one of the direct numerical optimization methods, is used for design optimization.
Step 2: Geometric Shape Optimization
Propeller Blade Shape Optimization
The design procedure includes the blade geometry design in terms of both the chord distribution and the blade twist angle distribution. In this study, the strip theory given by Adkins and Liebeck (7) is adopted as the inverse design method of optimum propellers. The strip theory, which combines the momentum theory and blade element theory, satisfies the Betz condition for minimum energy loss. To do this, the angle of attack, α, corresponding
to L/D max should be specified at each section. It establishes the iterative design and analysis procedures, which can determine the geometry and performance of a propeller quickly. And, it iterates to find β and c distributions, radial and axial interference factors, Re, and relative M depending on the operating condition. The details are described in Ref. 7 .
Airfoil shape optimization
To enhance the efficiency of the propeller, the airfoil shape is optimized such that the lift-to-drag ratio, L/D, is maximized at each blade section airfoil. To analyze the aerodynamic performances of the airfoil, the XFOIL code (12) is used. XFOIL code is a tool for both inviscid and coupled inviscid and boundary-layer flows around airfoils in steady, subsonic flow. It uses the e n method, which is a two-equation boundary layer integral formulation based on the dissipation closure for both laminar and turbulent flows. The overall design procedure for a propeller usually demands many iteration numbers. With respect to this demand, the XFOIL code is far better than other codes, such as the Navier-Stokes code, and yields acceptable accuracy in low Re flow analysis. The form of the airfoil optimization problem can be stated as:
where, L/D, C l , C d , and A are the lift-to-drag ratio, the lift coefficient, the drag coefficient, and the cross section area of designed airfoil, respectively. The subscript 0 stands for the initial values of an initial airfoil. While L/D max of an airfoil for a low-speed conventional aircraft with a fixed wing is greater than 10, L/D max of an airfoil for the MAVs propeller is usually less than 10 in the low Re flow regime. To enhance L/D at low Re, an optimized airfoil must be very thin (i.e., t/c < 0.06) with a modest amount of camber. (15) Thus, an airfoil area is allowed to be over half of the initial value. Since most of micro propellers are solid type, it does not matter structurally even though airfoil will be very thin. The airfoil shape is modified by adding a smooth perturbation to the initial airfoil. In this study, a set of Hicks-Henne shape functions (13) are adopted. The each airfoil geometry is modified with 12 shape functions (i.e., 12 design variables), six each in the upper and lower surfaces of the airfoil.
Improvement of the Design Space Feasibility
Generally, designers have selected a design space that is reasonable through their intuition or empiricism. However, this initial design space may be mixed with the feasible region which satisfies all constraints (16) and the infeasible region. Although an optimum point would be found in the given initial design space, one can argue that it is not the global optimum and the better optimum point may appear outside of the initial design space. To find a global optimum, an exploration of the design space requires that the feasibility of the design space is improved and that the infeasible region is removed. In this study, the probability approach is employed to improve the available feasible design space. (17) For this approach, we first construct the RS models with respect to the constraints of the operating condition optimization. Then, to find the feasible region, Monte Carlo Simulation (MCS) in which one million random sample points are generated with uniform distribution and the standard normal distribution is adopted. The mean, μ, and the standard deviations, σ, of the design variables can be calculated by using MCS. The probability of success is the probability which satisfies all constraints. As the probability of success increases, the feasible region becomes larger. The details are described in Ref. 17 . The ranges of the design variables are modified by using Chebyshev's inequality condition to improve the feasibility of design space. Chebyshev's inequality condition can be written as:
Regardless of the actual distribution of the random sample points, if k equals 3, any design variable has a probability of at least 89 % of taking a value within 3σ of its μ. The range of the design variables, x 1 -x 3 is re-adjusted from μ-3σ to μ+3σ in Eq. (8) . In this study, this process is repeated until the variance of the probability of success converges within the convergence criteria (1 %) based on the value in the previous step (18) .
Results and Discussions
The flowchart of each design case is represented in Fig. 2 . In Case 1, the design optimization with ARA-D 6% airfoil is performed. That is, because the 2-D airfoil design is excluded, only 23 design variables of x 1 -x 5 in table 1 are used. Case 2 includes the 2-D airfoil shape design additionally based on Case 1; the design variables are increased up to 143 including 120 design variables for the airfoil shape design. To find a global optimum outside of the initial design space, the design optimization by using the probability approach in Case 3 is performed based on the results of Case 2.
Case 1: Design Optimization Excluding the Airfoil Design
Before the optimization procedure for our application process, it is necessary to verify the computational accuracy of XFOIL to predict the 2-D airfoil performance. However, an airfoil of the micro-propeller is very small and operate at the low Re below 30,000 where very little experimental data available. In Fig. 3 , the calculated lift and drag of Eppler 61 airfoil at Re of 25,000 is compared to the available experimental data (19) . The turbulence intensity up to about 1 % does not have a strong effect on the lift and drag of thin airfoils at low Re. Thus, the e 9 method, with the critical disturbance parameter, n crit , is set to 9, which In this study, ARA-D 6% airfoil on the entire span is chosen as the initial airfoil for the propeller blade design because the aerodynamic performance of the ARA-D 6% airfoil is greater than those of other airfoils. (8) . ARA-D 6% airfoil, which has 6.02 % thickness-to-chord ratio and 5.01 % camber-to-chord ratio, is a relatively thinner and larger cambered than other various propeller section airfoils. Next, we perform the design optimization with the ARA-D 6% airfoil on the entire space. As shown in Fig. 4 , the optimum values of the design variables are 1.451 W for power, 0.1003 m for diameter, and 5535 for rpm in the design space and the maximum η p reaches 74.8 %. This optimum point stands on the maximum diameter in the design space of x 1 -x 3 .
Case 2: Design Optimization Including the Airfoil Design
First, we checked whether or not the α range with L/D max was between 1-6 °where XFOIL is validated. Figure 5 The optimized airfoils along the radial section have somewhat similar shapes. The optimized airfoil shape at the 78 % section along the radius is shown in Fig. 6 . The optimized airfoil has 4.55 % maximum thickness at the 0.088x/c and 4.51 % maximum camber at the 0.493 x/c. In comparison to the values of maximum thickness and camber of the ARA-D 6% airfoil, those values of the optimized airfoils are reduced by 32.3 % and 11.1 %, respectively. Since the leading edge curvature remains blunt, it can prevent the occurrence of a leading edge stall. The flat upper surface of the optimized airfoil throws back the flow separation, and the aerodynamic performances are strongly enhanced within the α range between 1-6°. Eppler61 airfoil, Re=25,000 Experiment (noisy condition) (19) Experiment (silent condition) (19) XFOIL ( Eppler61 airfoil, Re=25,000 Experiment (noisy condition) (19) Experiment (silent condition) (19) XFOIL(N crit =9.0) Propeller rpm 
Case 3: Design Optimization by Adding the Probability Approach
In Cases 1 and 2, the optimum points stand on the maximum D, i.e., it is much probable that there is the better optimum position outside the initial design space of x-x 3 . Thus, the design space should be modified into an improved design space by using the probability approach. Thus, the design optimization by using probability approach in Case 3 is performed based on the results of Case 2. MCS employing uniform distributions of the operating condition design variables is performed to generate one million sample points for the objective and constraints. At this Case, the baseline value of the objective function as η p is set 80.5 %. Since only 22,213 points among the one million data points belong to the feasible region, the probability of success for the initial design space is 2.22 %. The probability distributions of the design variables are represented in Fig. 8 . The initial design space yields μ of 1.364 W with σ of 0.0119 W for P, μ of 0.0991 m with σ of 0.000767 m for D, and μ of 5950 with σ of 374.5 for rpm. The probability distribution of the success range for P is a narrow range, and the range for D inclines to the maximum in the initial design space. In converged design space, the P range is reduced and the D range increases to the right by using Chebyshev's inequality condition.
To investigate the probability of success of satisfying the objective and constraints, joint CDF are represented in Fig. 9 . Since M tip satisfies the constraint condition in the initial and converged design spaces, its constraint has no effect on the modified design space. By modifying the design space, the probability of success becomes 47.26 % for η p , 58.72 % for T, and 82.02 % for AF. Moreover, the total probability of success in the converged space reaches to 16.67 %. Thus, η p can produce better optimized solutions in the converged design space than in the initial space. Figure 10 represents the comparison of the initial and converged design spaces for η p and constraints in the Case 3 design. Compared with the design ranges for P, D, and rpm in the initial design space, the ranges of P and rpm of the converged space are reduced and the range of D moves beyond the upper bound of the initial space. As a result, the global optimal point is located at the new space outside the initial design space. In the converged design space, the global optimum point is 1.340 W for P, 0.1016 m for D, and 5666 for rpm, respectively. Owing to the constraint related with T, the value of D has the upper limit.
The η p is maximized up to the value of 81.0 %. Propeller rpm Fig. 10 Objective function and constraints contour in the initial and converged design space. more than 0.99, which guarantees the reliable construction of the RS models.
Comparison of Results for Each Case
In Table 2 , all the optimum values of the design parameter are compared with each case. Owing to the airfoil design in Case 2, P is decreased by 8.2 % and η p is increase by 6.1 %, compared with Case 1. The maximum η p of Case 3 do not greatly increase in comparison with that of Case 2 because the reasonable initial design space of Case 2 is set up based on the data of Black Widow. However, improvement of the feasibility of the design space in Case 3 guaranteed that the better optimum could find in a new design space.
In case that such a high level of information is not available any more, the present probability approach study may be useful. The reliability of the design process is validated by comparison with the design parameters of the Black Widow MAV. Although the optimum blade of Case 3 is slightly longer and faster than that of Black Widow MAV, the optimum P of Case 3 is 1.20 % less and the maximum η p is 1.0 % higher. Figure 11 shows the performance distributions of the optimized micro-propeller blades with respect to the radial direction. Compared to Case 1, because of the increase of the rpm of Cases 2 and 3 with the decrease of P in Table 2 , c distribution is reduced in Fig. 11 (a) ; that is, the distribution of Re is decreased at each airfoil section in Fig. 11 (b) . However, even though L/D is generally decreased according to the decrease of Re, the L/D distribution of Cases 2 and 3 increases by 34.7 % by using the airfoil shape optimization in Fig. 11 (c) . The compressibility effect can be ignored because of the very low Mach number distribution in Fig. 11 (b) . Case 3 results are somewhat similar with those of Case 2. However, because D of the blade shape in Case 3 is slightly longer than that of Case 2, the power coefficient distribution, dC p /dx, decreases along the radial section in Fig. 11 (d) .
Off-Design Analysis
Since MAVs spend most of its flight at the loiter velocity, the off-design conditions do not strongly affect the overall performance (2) . However, the off-design analysis needs to estimate the performance of the optimized propeller along the overall operating range. Figure 12 represents the off-design analysis result for the optimized propellers of Case 3. As the flight velocity increases, the maximum propeller efficiencies increase. The increase of η p is due to the enhancing aerodynamic performance with increasing Re. As the velocity decreases, maximum propeller efficiencies are achieved at a lower rpm. The maximum efficiency of the propeller of Case 3 is 81.6 % at 15.65 m/s.
Conclusion
A reliable and efficient design optimization process was developed for the 3-D micro-propeller. The propeller blade shape was quickly optimized to obtain the maximum η p according to the design requirements at the loiter velocity and altitude. To manage 143 design variables effectively, the two-step optimization procedure was established: the operating condition optimization, and the geometric design.
The initial design space for the operating condition was set up based on the performance data of Black Widow MAV. In the blade shape design optimization including the airfoil design (Case 2), L/D of the optimized airfoils enhanced by 34.7 % more than that in the blade shape design optimization excluding the airfoil design (Case 1). Thus, the maximum η p of 80.9 % was achieved at the optimum point, which is the increase by 6.1 % comparing with the initial value.
To find a global optimum, design optimization was added to the probability approach (Case 3). The design space of Case 2 was moved to the higher feasible region with Chebyshev's inequality. The probability of success improved from 2.22 % in the initial design space to 16.67 % in the converged design space. The global optimal point was located at the new space outside the initial design space, and it was 1.34 W of P, 0.1016 cm of D, and 5666 of rpm at the 81.0 % of the maximum η p . Because a reasonable initial design space was chosen, the maximum η p of Case 3 was slightly higher than that of Case 2. Finally, the reliability of the design process was validated by comparing it with the propeller performance data of the Black Widow MAV and by analyzing the off-design conditions.
The present optimal design procedure was reliable and could be used as a practical design tool for the micro propeller development. Fig. 12 Off-design analysis result of optimized propellers.
